
Monte Carlo arithmetic is a variant of
floating-point arithmetic in which
arithmetic operators and their
operands are randomized. For ex-

ample, rather than insist that floating-point ad-
dition obey x ⊕ y = fl[x + y] = (x ⊕ y)(1 + δ), where
δ is some deterministically defined value, we al-
low δ to be a random variable. MCA is an exten-
sion of floating-point arithmetic that permits
randomization to be used both in rounding and
in processing inexact operands—the result of
every arithmetic operation is randomized in a
predefined way. As a result, x + y can yield dif-
ferent values if evaluated multiple times. 

With MCA, then, if a program runs with the
same input n times, each run yields a slightly dif-
ferent answer. These answers constitute a sample
distribution to which we can apply the whole ar-

ray of standard statistical methods. Typically, af-
ter n such runs, the sample mean  ̂µ estimates the
exact solution, the sample standard deviation  σ̂
estimates the error in the answer of any single
run, and the sample standard error  σ̂/ n esti-
mates the error in  µ̂ after n such runs. Each re-
calculation is an experiment in a Monte Carlo
simulation—a simulation of the sensitivity to
rounding of this particular combination of input
and program.

MCA makes numerical computing empirical.
It has practical applications—end users can
gauge the number of significant digits in com-
puted values as well as a program’s stability. They
can also use Monte Carlo methods to estimate
round-off error accumulation. By treating indi-
vidual rounding errors as random variables, we
can use statistical methods to analyze errors.
MCA also has theoretical applications. In fact,
we can use MCA to circumvent certain well-
known anomalies in floating-point operations.1

This article gives a short review of several
years’ investigation.2 For a copy of our full work
and a C demonstration program that runs all 
the examples in this article, visit www.cs.ucla.
edu/~stott/mca. We assume the reader is famil-
iar with basic issues in floating-point arith-
metic.2 David Goldberg’s tutorial3 and Nicholas
Higham’s encyclopedia4 are great references.

n
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Inexactness: What it is and why it’s
contagious

Exact values are real numbers that a given
floating-point format can exactly represent. In-
exact values, by contrast, are either real values
that must be rounded (to an approximation) to
fit this format, or real values that are not com-
pletely known. Rounding discards information;
thus, it usually increases inexactness. (This inex-
actness is often compounded during a computa-
tion’s course because inexact floating-point num-
bers take part in arithmetic operations that yield
even more inexact results.) In scientific compu-
tation most quantities are inexact; we know con-
stants such as the speed of light in a vacuum
(~2.99792458 × 108 m/s) only to a few digits.
This inexactness can come from ignorance, un-
certainty, estimation, measurement, or compu-
tational error, but the upshot is that we have only
a few significant digits.

Inexact values can arise in several ways in float-
ing-point arithmetic:

• a value known to only a few significant dig-
its (such as the speed of light),

• the result of rounding a higher-precision
computation, or

• the result of an arithmetic operation on in-
exact values.

Because an inexact value could represent a whole
range of possibilities, we can only guess which of
these real numbers it actually represents. Conven-
tional floating-point arithmetic makes the simplest
possible unbiased guess—it treats all operands as if
they were exact. For example, it extends single-
precision numbers to double-precision format by
padding the significands with zeros. In the IEEE
floating-point standard,5 the inexact flag bit in the
status word indicates whether the result would be
exact if the operands were exact.

Modeling inexactness: The Monte Carlo
method

In essence, the Monte Carlo method models
any inexact value with a random variable. For
our purposes, a random variable x̃ that agrees
with a value x to s digits is the randomization

if we use binary floating-point arithmetic, where
e is the base-2 exponent of x. Here, ξ is a real
value (typically a positive integer), and ξ is a ran-

dom variable (random error). Typically ξ is uni-
form over the interval (– –12 , –12 ), but other distrib-
utions might be useful. Depending on the con-
text, we can also let ξ be discrete or continuous
or depend on x.

The Monte Carlo method is a natural way to
model inexactness in floating-point arithmetic.
Specifically, we can model the inexactness caused
by rounding to the limited precision of floating-
point computations by using randomized round-
ing errors. Given a value x and a desired preci-
sion t, the randomization of x to t digits is
implemented as

If x is not exact within t digits, this superimposes
a random perturbation so that the resulting sig-
nificance is at most t digits.

Monte Carlo arithmetic

MCA is a family of floating-point systems that
result when we use either random rounding or
random unrounding (or both or neither). Using
neither is ordinary floating-point arithmetic. Us-
ing both is called full MCA.

If  � is the floating-point approximation to the
• operation, then in full MCA, x � y = round(ran-
domize(randomize(x) • randomize(y))). Although
this definition requires real arithmetic in theory,
finite precision can efficiently implement it. 

Full MCA achieves two important properties.
First, random unrounding detects catastrophic
cancellation, which is the primary way we lose
significant digits in numerical computation. Sec-
ond, random rounding produces rounding er-
rors that are independent and random, with zero
expected bias. All errors are modeled with ran-
dom variables, and we can change the virtual
precision t as needed.

An additional use of randomization is in varying
the effective precision of computation (even dy-
namically). The virtual precision t is the precision
to which arithmetic values are represented (in
memory). If we implement in floating point with
register precision p, we require t ≤ p. By varying t
in the definition of randomize (x), we implement
arithmetic of any desired precision t ≤ p. The abil-
ity to vary the virtual precision can be quite useful
(such as in evaluating a particular computation’s
hardware-precision requirements), so we let t dif-
fer from p.
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Random rounding 
Random rounding is rounding of a randomized

value: random_round (x) = round (randomize(x)).
When t equals the machine precision, round(ran-
domize(x)) implements the same random-round-
ing method other analysts have proposed.2

Theoretically, the advantage of this choice for
the distribution is the absence of bias: as we ex-
plained earlier, the resulting rounding method has
zero expected error. For a real value x, the ex-
pected value (average value) of random_round(x) is
E[random_round(x)] = x. Stott Parker showed for
general x that E[randomize(x)] = E[x] and
E[round(randomize(x))] = E[x] for ξ uniform over
(– –12 , –12 ), using elementary statistical analysis.2 We
have also verified these in practice.

In practice, of course, randomize(x) is imple-
mented with a pseudorandom number genera-
tor.1 Hardware implementations of these gen-
erators (based, for example, on shift registers)
are not difficult to incorporate into a floating-
point unit.

Random unrounding
A natural randomized arithmetic comes from

using input randomization: if � is the floating-
point approximation to the • operation with in-
put randomization, then x � y = round(random-
ize(x) • randomize(y)). 

Input randomization is random unrounding:
the random conversion of a (rounded-off, inex-
act) floating-point value to a real value. Brad
Pierce6 developed a detailed implementation

that maintains “real” values in registers with
higher precision than in memory and uses
rounding and random unrounding—storing to
and loading from memory—only when neces-
sary. Effectively, Pierce proposed implement-
ing p > t, where p is the machine floating-point
precision in registers, and t is the precision in
memory. This aspect of his scheme is similar to
the IEEE 754 standard’s double-extended
scheme, and he in fact proposed an implemen-
tation using IEEE double-extended precision
as a basis.

MCA overcomes important weaknesses

William Kahan7 has stressed that even com-
putations as simple as solving ax2 + bx + c = 0 pre-
sent interesting problems for floating-point
arithmetic. Consider finding the second root for
7x2 – 8686x + 2 = 0. With a = 7, b = –8686, and
c= 2, the C statement

r = (–b – sqrtf(b*b – 4*a*c))/(2*a);

yields Table 1, using IEEE floating-point arith-
metic with default rounding.

When we instead randomize the inputs and
outputs of floating-point operations, the results
vary each time we execute the program. (The co-
efficients a, b, c, and the constants 2 and 4 are not
randomized because they are exact—they’re rep-
resentable precisely in floating-point format.)
Using the Gnu C Compiler version 2.7.2 with
no options (except –lm) on a Sun SparcStation
20 running SunOS 5.5, we ran the program five
times with single-precision MCA, which yielded
Table 2. For simplicity, we used IEEE single-
precision floating-point representation in our
MCA implementation, but MCA will work in
any precision.

Running a program n times with MCA ulti-
mately gives (for each value x being computed) n
samples x1, ..., xn that disagree in the random
digits of their errors. These samples typically
have an underlying distribution with mean µ and
standard deviation σ, which are respectively es-
timated by the computed sample mean (average)
µ̂ and unbiased sample standard deviation  σ̂
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Table 1. The second root of 7x2 – 8686x + 2 = 0, computed with IEEE
floating-point arithmetic.

Precision Second root

IEEE single precision .000279018

Exact solution (rounded) .00023025562642454231

Table 2. The second root of 7x2 – 8686x + 2 = 0, computed with sin-
gle-precision Monte Carlo arithmetic.

Run Second root

1 .000198747

2 .000248582

3 .000251806

4 .000177380

5 .000203571

Sample mean .000216017

Sample standard deviation .000032739

Sample standard error .000014641
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The standard deviation in Table 2 gives a rough
estimate of the error in any one run and in the
result computed using IEEE floating-point
arithmetic.

An estimate of the error in µ̂ is the sample stan-
dard error, σ/ n which we approximate as σ̂/ n.
Just as the standard deviation of the samples σ̂
gives an estimate of the error in any one sample,
the standard error is the standard deviation of µ̂,
and gives an estimate of the error in µ̂.

Using standard error is common in scientific
work.8 A widely used notation expressing the or-
der of magnitude of error is “µ = sample mean ±
sample standard error”  (µ = µ̂±σ̂/ n ). For ex-
ample, “r = .00216017 ± .000014641.” This no-
tation gives one-standard-deviation estimates on
the error in  µ̂ and not bound. It merely says that
the sample standard error is an order-of-magni-
tude estimate of the error in  µ̂. This estimate is
often more useful than a bound.

A startling example
Consider the following iteration.9 Define the

sequence (xk) by

As Table 3 illustrates, and depending on your
machine’s precision, the sequence converges to
either 1, 2, 3, or 4. Actually, IEEE double pre-
cision converges to 3, and IEEE single precision
converges to 2.

With MCA, we got the values in Table 4. With
four samples, again using uniform input and out-
put randomization, the iteration’s extremely un-
stable nature is discernible from the large standard
deviation of x30. Single-precision computation for
this iteration converges to 2, but the large stan-
dard deviations in this table show that, with MCA,
we can obtain results other than 2 with high prob-
ability. Many standard deviations in this table are
as large as the average values—in this case, re-
flecting a complete loss of significant digits.

There is no simple way to identify unstable it-
erations. However, huge variances among inter-
mediate iterates should raise concerns about the
iteration, and in this example, they do reflect 
instability.

Mild instability
For another example, consider the Tcheby-

cheff polynomial James Wilkinson studied:
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Table 3. Values of x30 computed with rounded decimal arithmetic of
different precisions.

Precision (digits) x30 (computed with decimal arithmetic)

30 3.00000000000000000000000000000

24 3.00000000000000000000000

20 3.0000000000000000000

16 3.000000000000000

12 1.99999999990

10 4.000000000

8 1.9999980

6 1.99990

4 2.097

2 1.0

Table 4. Four sample runs of xk and their standard deviation, using single-precision MCA.

k xk (run 1) xk (run 2) xk (run 3) xk (run 4) xk std. dev.

1 1.510005 1.510005 1.510005 1.510005 .00000

2 2.377459 2.377445 2.377435 2.377399 .00003

3 1.509883 1.509991 1.510115 1.510208 .00014

4 2.378099 2.377534 2.376805 2.376342 .00078

5 1.505354 1.509288 1.514308 1.517498 .00537

6 2.404056 2.381407 2.354659 2.338808 .02886

7 1.270905 1.481644 1.640637 1.707481 .19418 

8 0.543637 2.582219 2.060582 2.018529 .87673

9 0.823412 3.916467 1.997540 1.999803 1.28080

10 0.960642 4.016273 2.000010 1.999986 1.27894

. . .

30 1.000001 4.000012 1.999982 1.999992 1.25831
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T20(z) = cos(20 cos–1(z))
= 524288z20 – 2621440z18

+   5570560z16 – 6553600z14

+   4659200z12 – 2050048z10

+   549120z8 – 84480z6 + 6600z4

–  200z2 + 1.

The polynomial is moderately ill-conditioned near
1, because of cancellation among the coefficients.
The coefficients are all representable exactly
within IEEE 24-bit single precision (the binary
representation of 6553600 is 23 digits long). MCA
and a scatterplot can help us visualize the increase
in ill-conditioning when z nears 1 (see Figure 1).

Gaussian elimination, ill-conditioning, and 
significant digits

Consider solving the linear system Ax = b us-
ing Gaussian elimination with partial pivoting. A
widely used rule of thumb is that the relative er-
ror ‖ x̂–x‖/‖x‖ in the computed solution x̂ is on
the order of κ(A) • u, where κ(A) is the condition
number of A and u is the unit round-off (bound
on relative error due to rounding).3 When κ(A) is
very large, A is called ill-conditioned. This prob-
lem becomes a classic example of ill-condition-
ing when we use the nearly singular n × n Hilbert
matrix A = (1/(i + j – 1)) (or more precisely, its
floating-point approximation).

Using a double-precision MCA implementa-
tion, we ran Gaussian elimination with partial
pivoting on the 10 × 10 inexact Hilbert matrix
and a specific b vector. With five samples, we ob-
tained the solution in Table 5.

IEEE double precision gives about 16-deci-
mal-digits precision, so u ≈ 10–16. When n = 10,
the condition number κ(A) ≈ 1013, so the rule of
thumb predicts a relative error in the computed
solution of ‖ x̂–x‖/‖x‖≈10–3. This is often inter-
preted as predicting that  x̂ will be accurate to
about three digits. Table 5 bears out this predic-
tion—except for the last entry, which has zero
significant digits. The rule of thumb makes no
guarantees about specific entries of x.

Table 5 also shows that the standard errors in
the computed MCA solution reflect the ill-con-
ditioning. For this problem, randomization ap-
pears to give a good empirical estimate of the ac-
tual number of significant digits in each entry of
x̂. Moreover, the standard error’s relative size
measures algorithm stability (sensitivity to per-
turbation) and problem ill-conditioning. 

Gastinel’s Theorem tells us that the more ill-
conditioned a nonsingular matrix A is, the
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Figure 1. Monte Carlo arithmetic single-precision results performed at
random points, exhibiting the Horner T20(z) computation’s instability.

Table 5. Gaussian elimination solution vectors. Nonsignificant digits are italicized; underlined digits are
within the magnitude of the standard error.

b Exact solution to Ax = b IEEE double solution MCA double solution

1 2.4609375 2.4608240 2.4608335

2–1 –216.5625 –216.5526178 –216.5534088

2–2 4439.53125 4439.3195461 4439.3359787

2–3 –36599.0625 –36597.1294209 –36597.2756677

2–4 148507.734375 148498.4820907 148499.1670631

2–5 –323760.9375 –323735.4324287 –323737.2859033

2–6 387105.46875 387063.5276615 387066.5268827

2–7 –239301.5625 –239260.9547177 –239263.8179388

2–8 59825.390625 59804.0379124 59805.5248358

2–9 0 4.7021712 4.3783411
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smaller is the perturbation that would be needed
to convert it into a singular matrix. If A were sin-
gular, Ax = b would have an infinite number of
solutions. So it should not be surprising that even
the tiny amounts of noise MCA introduces are
amplified here into distributions with such large
variances. 

Often it is pointed out that  x̂ is the exact solu-
tion of a perturbed problem (A + E) x = b, where E
is a matrix of small errors (‖E‖≈u‖A‖).10 Al-
though backward-error results such as this give
reassurance and show what floating-point arith-
metic guarantees, it is important to recognize that
they do not give guarantees about the number of
significant digits in any particular computed value.

Standard deviations: Caveat user
Everyone knows the textbook algorithm for

standard deviation shown in Figure 2. It is prob-
ably executed many billions of times every day,
yet it’s unstable. When the standard deviation is
orders of magnitude smaller than the mean, its
results might be completely inaccurate. For ex-
ample, when N is 127, X(I) = I + 105, and IEEE
single-precision computation is used, this algo-
rithm computes SIGMA as 45.6126, although the
correct value is approximately 36.8058.

Ironically, the “less clever” two-pass standard-
deviation algorithm is much more accurate. We can
show this by computing, for different values of c, 

σ̂ = standard deviation ({1+c, ...,127+c}) 

using both algorithms. Despite the fact that, for
any c, we should have

σ̂ = standard deviation ({1, ...,127})

the two algorithms give different results. Figure
3 shows how the textbook algorithm’s computed
values vary significantly from 36.8058 as c in-

creases, while the two-pass algorithm’s com-
puted results remain accurate. MCA gives a way
to visualize the instability and appreciate the im-
portance of algorithm choice.

Chaos: Your results will vary
Chaotic phenomena are often defined as those

, / .= ≈170 688 126 36 8058

C __ Textbook standard deviation algorithm __ C __ Two-pass algorithm _ _
SUM = 0 SUM = 0
SUMSQ = 0 DO 10 I=1,N
DO 10 I=1,N 10 SUM = SUM + X(I)
SUM = SUM + X(I) XBAR = SUM/N

10 SUMSQ = SUMSQ + X(I)**2 T = 0
XBAR = SUM/N DO 20 I=1,N
SIGMASQ = (SUMSQ - SUM*XBAR) / (N-1) 20   T = T + (X(I) - XBAR)**2
SIGMA = SQRT(SIGMASQ) SIGMA = SQRT(T / (N-1) )

(a) (b)

Figure 2. The (a) textbook algorithm and the (b) two-pass algorithm for computing standard
deviations. Despite the textbook algorithm’s enormous popularity, it’s unstable.
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Figure 3. Computed SIGMA values for the standard deviation of {1 +
c, 2 + c, . . ., 127 + c} using the textbook algorithm (scattered points)
and the two-pass algorithm (the line at 36.8058), which gives the
correct result. The horizontal axis gives the value of c, and for each c
value chosen, 20 single-precision MCA samples are plotted.
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that are “highly sensitive to initial conditions.”
Formally, this can be the equivalent of requiring
their models to be numerically unstable. Never-
theless, tutorials about chaos often start with this
definition and then proceed to report results of
straightforward numeric computations.

For example, consider the two iterations of an
instance of the logistic equation xn+1 = 4 xn (1 – xn),
plotted in Figure 4. We used single-precision
MCA, so different iterations obtain different
pseudorandom rounding errors. The two itera-
tions completely diverge from one another around
iteration 20. This divergence also occurs reliably if
this computation is performed multiple times or
with different random seeds. Performing the com-
putation in double precision does not help: with
double-precision MCA, results diverge from one
another at approximately 50 iterations.

Although the logistic equation gives one of the

simplest examples of chaos, it is closely related
to other frequently studied examples. Also, more
complex naturally arising chaotic phenomena
can be equally unstable. For example, divergence
of results also occurs in the integration of chaotic
differential equations.2

MCA gives a way to detect high sensitivity to
round-off in—and to apply statistical analysis
to—results of chaotic computations. Many peo-
ple seem to misunderstand the basic instability
of chaotic computations, apparently believing
that double precision is more than enough for
accurate results. It’s not.

Why MCA worked in these examples 
Full MCA uses randomization in all arithmetic

operations. Output randomization gives random
rounding, producing rounding errors that are ran-
dom and have zero expected bias. In all the exam-
ples shown earlier, however, MCA works because
input randomization detects catastrophic cancel-
lation, which is a major source of inaccuracy in
floating-point computation. This cancellation is
the loss of leading significant digits caused by sub-
tracting two approximately equal operands—two
operands whose difference has a smaller exponent
than either operand (see Figure 5).

If one of the operands is inexact, then the dif-
ference computed in Figure 5 might have just one
significant digit, yet there is no way to detect this
in modern computers. Furthermore, if either of
the operands in the subtraction is inexact, the trail-
ing zeroes introduced by normalization are no
more significant than any other sequence of digits.
Yet floating-point arithmetic lacks a mechanism
for recording the loss of significance.

Operand 1

Operand 2

Difference

Normalized

Difference

+3.495683 ✕  100

+3.495681 ✕  100

+0.000002 ✕  100

+2.000000 ✕  10–6

Figure 5. Catastrophic cancellation. Boxed values
denote floating-point values.
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Figure 4. Two independent iterations of the chaotic logistic equation
xn + 1 = 4xn(1 – xn) using single-precision MCA (x1 = 0.54321). Rounding-
error differences quickly lead to very different results. 

Operand x (inexact)

x´ = randomize (x)

Operand y (inexact)

y´ = randomize (y)

Unnormalized difference (x´ – y´)

Normalized result   round (x´ – y´)

+3.495683 ✕  100

+3.495681 ✕  100

+3.495683 20391695941600884...

+3.495680 91870795420835463...

+0.000002 28520900520765421...

+2.285209 ✕  10–6

Figure 6. An example of input randomization (in a difference with catastrophic cancellation) with
eight-digit decimal arithmetic (t = p = 8, β = 10). Boxed values are inexact floating-point values. 
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Catastrophic cancellation occurs in all the ex-
amples discussed earlier and is often the primary
problem in horrific examples of numeric inaccu-
racy found in the numerical analysis literature. For
example, in the quadratic equation example earlier,
catastrophic cancellation arises in the difference

)

because the two operands agree up to the seventh
decimal digit.

Randomizing the trailing zero digits detects
catastrophic cancellation. If subtraction loses 
leading digits, then trailing random digits will
be in the result (see Figure 6). When computed
multiple times, these randomized results will dis-
agree on the trailing digits.

An alternative
Random padding5 is an alternative method in-

spired by MCA that focuses exclusively on de-
tecting catastrophic cancellation. Wherever con-
ventional floating-point arithmetic would pad
on the right with zeros, random padding would
instead add an unbiased random real value. The
most important case is prenormal randomization
(see Figure 7).

Both random padding and MCA with random
unrounding (input randomization) detect can-
cellation equally well. However, random padding
is much more difficult to analyze mathematically
than MCA. Also, random padding is not a full
implementation of the Monte Carlo method, and
it does not transform floating point into a Monte
Carlo calculus (a statistical extension of floating
point that obeys additional laws of arithmetic). It
also lacks the general strengths discussed in the
next section.

MCA’s other strengths 

MCA strengths center around how it makes
computer arithmetic more like real arithmetic.
Randomization transforms round-off from sys-
temic error to random error, and random errors
are much easier to deal with, both formally and

informally. By transforming floating-point arith-
metic into a Monte Carlo discipline, we obtain
many useful statistical properties.

The statistical simulation of round-off error is
only one way to look at MCA. Another possibil-
ity is to interpret it as an implementation of a
nonstandard version of real arithmetic in which
the operations are always already clouded by
truly random noise. Might such a fundamentally
finite-precision arithmetic lead to a mathematics
that is more realistic than “real” arithmetic?

Anomalies 
Floating-point arithmetic is well-known for

not being associative. Donald Knuth gives this
example for eight-digit decimal arithmetic:1

(11111113 ⊕ –11111111) ⊕ 7.5111111 
= 2.0000000 ⊕ 7.5111111 
= 9.5111111; 

11111113 ⊕ (–11111111 ⊕ 7.5111111) 
= 11111113 ⊕ –11111103 
= 10.000000.

This anomaly is a direct manifestation of cata-
strophic cancellation. Associativity fails after the
cancellation removes all but the least significant
digit, which is affected by rounding errors.

Table 6 gives a computational demonstration
of how MCA avoids these anomalies, showing
that standard errors decrease with increasing
numbers of samples. Different computed sums
agree up to the standard error, and the average
converges to the exact sum in the limit where the
number of samples goes to infinity. Even for small
values of n, the error in the average is bounded by
a constant times the standard error, so we could
say that addition would be associative up to the
standard error of the sum. With the right statisti-
cal caveats, we can thus formally prove that MCA
avoids certain floating-point anomalies.2

Although we can look at MCA as a way to get
greater accuracy in some situations, it is an ex-
tremely inefficient method. Assume the negative
log of the relative error measures the number of
significant digits, and the ratio of the standard error

l

l
l

( ) (− − −b b ac2 4

Operand x

Operand y

Unnormalized difference (x – y)

Random padded unnormalized difference (x – y)´

Normalized result   round ((x – y)´)

+3.495683 ✕  100

+3.495681 ✕  100

+0.000002

+0.000002 31083217525704126...

+2.310832 ✕  10–6

Figure 7. Random padding in a difference with catastrophic cancellation, with eight-digit decimal arith-
metic (t = p = 8, β = 10). Boxed values are inexact floating-point values. 
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to the sample mean estimates relative error. This
measure grows as O(log(n)), where n is the num-
ber of samples. So, to get twice as many significant
digits requires squaring the number of samples.

Variable precision 
Figure 8 gives the result of varying the virtual

precision while computing the Tchebycheff
polynomial T20(0.75), using the factored repre-
sentation T20(z) = 1 + 8z2 (z – 1) (z + 1) (4z2 + 
2z – 1)2 (4z2 – 2z –1)2 (16z4 – 20z2 + 5)2. This
computation involves only very mild cancella-
tion and small constants.

As Figure 8 shows, increasing the virtual pre-
cision t to the single-precision maximum of 24

has the desired effect of gradually increasing the
result’s accuracy, modulo peculiarities in the bi-
nary representation of the intermediate results.
Thus we can get a qualitative sense of the accu-
racy of 15-bit or 10-bit computation, for exam-
ple. Being able to explore accuracy–precision
trade-offs can prove important in signal-pro-
cessing applications.

Round-off errors behave like random variables 
Kahan11 and others4 argue that statistical

analyses of round-off error are improperly
founded because they assume rounding errors
are random. With a plot resembling Figure 9,
they observe that for certain values of x, a func-
tion such as

Table 6. Result of performing the indicated sums in single-precision MCA with uniform random rounding and unround-
ing. Note the convergence to the exact sum value 9.5111111. 

(11111113 ⊕ –11111111) ⊕ 7.5111111 11111113 ⊕ (–11111111 ⊕ 7.5111111)

n ± ±

10 9.62506 ± 0.11484 9.40092 ± 0.27888

100 9.49476 ± 0.04241 9.42260 ± 0.06533

1000 9.51095 ± 0.01295 9.49816 ± 0.02042

10000 9.50977 ± 0.00411 9.51206 ± 0.00645

100000 9.51014 ± 0.00129 9.51396 ± 0.00204

1000000 9.51093 ± 0.00041 9.51159 ± 0.00065

10000000 9.51112 ± 0.00013 9.51111 ± 0.00020

ˆ /σ nµ̂ˆ /σ nµ̂
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Figure 8. The number of significant decimal digits
(negative base-10 log of the relative error) in the
value T20(0.75) computed with full MCA (100 sam-
ples), at the indicated binary virtual precision t. 

–4e–05

–3e–05

–2e–05

–1e–05

0

1e–05

2e–05

3e–05

1.60632 1.60633 1.60634 1.60635

Figure 9. rp(u + δ) – rp(u), for u = 1.60631924, 
δ = 0, ∈ , ..., 300∈ , and ∈ = 2–23—computed  with
single-precision IEEE arithmetic. 
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is sensitive to perturbation in ways that suggest
its round-off error is not randomly distributed.
Figure 9 depicts some computed values of rp(u + 
δ) – rp(u),  where u is the point at which rp(x)
achieves its maximum value. In the region de-
picted, this difference is approximately –19δ2.
The computed values, however, do not even hint
at this fact, and are thousands of times greater in
magnitude for some choices of δ.

With MCA, randomization forces the round-
ing errors to be pseudorandom. Randomization
gives results such as the equivalent plot—Figure
10—produced with full MCA. George Forsythe
predicted random rounding alone could have this
effect,12 but because this problem has consider-
able cancellation, random unrounding might give
better results. Figure 11 also shows the distribu-
tion of these values. The computation of rp in-
volves 16 arithmetic operations, and the result-
ing distribution is quite close to normal.

Of course, Monte Carlo error analysis
can give no ironclad guarantees that
serious round-off error is absent in a
computation. The practitioner must

decide whether the level of sensitivity suggested

by this simulation faithfully reflects reality. Ran-
domized floating point is not always needed.
There are many useful algorithms that other re-
searchers carefully tuned with IEEE 754 float-
ing-point arithmetic in mind.3,11 Injecting ran-
domness into these algorithms makes no sense. 

We have seen in the earlier examples that
MCA lets us assess the number of significant dig-
its in computed values. However, many methods
will do this: running in higher precision, com-
puting condition numbers, using interval arith-
metic, performing a forward round-off analysis,
and so on. MCA does not replace any of these
methods but rather complements them. Despite
MCA’s many advantages, it’s not a panacea, and
it is not a replacement for error analysis. It is a
tool with certain strengths and weaknesses. 

To sum up:  

• MCA is a simple way to bring some of the
benefits of the Monte Carlo method to float-
ing-point computation. The Monte Carlo
method offers simplicity; it replaces exact
computation with random sampling and re-
places exact analysis with statistical analysis.

• MCA is a probabilistic way to detect occur-
rences of catastrophic cancellation in nu-
meric computations. This gives an optional
“idiot light” for numeric computations,
which we can use at fairly low cost and with-
out changing existing programs. Although

rp x
x x x x

x x x x
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( ( ( )))
( ( ( )))
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Figure 10. rp(u + δ) – rp(u), for u = 1.60631924; 
δ = 0, ∈ , ..., 300∈ , and ∈ = 2–23—computed with
single-precision MCA (uniform random unround-
ing and random unrounding). 
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Figure 11. Histogram of values of rp(u + δ) – rp(u)
computed with MCA in Figure 10. The normal
density (for the average and standard deviation
of these values) is superimposed. 
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large standard-deviation values are not guar-
anteed to reflect numerical instability or vice
versa, they are a warning signal that strongly
recommends further analysis.

• MCA gives a way to maintain information
about the number of significant digits in con-
ventional floating-point values. We believe
many users can appreciate this perspective on
error analysis, although they find backward
analysis hard to understand.

• MCA is a way to formally circumvent some
anomalies of floating-point arithmetic. Al-
though, for example, floating-point sum-
mation is not associative, Monte Carlo sum-
mation is statistically associative (up to the
result’s standard error).

Because MCA is an extension to floating-point
arithmetic, we can disable randomization and
obtain conventional floating point as a special
case. You use randomization only when it will
help. Very much like the rounding modes in
IEEE 754,5 being able to turn randomization on
or off—depending on the type of computation
being performed—makes sense.

MCA gives new perspectives, and it often
gives reasonable estimates of a computed result’s
accuracy. MCA thus appears to give an alterna-
tive way for a wide spectrum of numerical pro-
gram users, without special training, to gauge a
program output’s sensitivity to perturbations in
its input and to rounding errors. Running a pro-
gram multiple times with MCA yields a distri-
bution of sample values. Statistical analysis of the
distribution can then give a rough intuitive sense
(and sometimes rigorous confidence intervals)
about the round-off error and the program’s in-
stability—its sensitivity to rounding errors.

MCA might encourage numerical software con-
sumers to investigate the quality of the results they
are getting. We suspect that many certified nu-
merical algorithms are giving inaccurate results in
practice, mainly because they are being misused
(they’re being applied to ill-conditioned or stiff
problems or resting on assumptions that do not
hold). An experimental attitude can definitely help
get high-quality numerical results.
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